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We examine conditions under which an open quantum system composed of a driven degenerated parametric
oscillator cavity and a driven two-level atom coupled to a waveguide could decay to a pure dark state rather
than the expected mixed state. The calculations are carried out analytically in a low dimensional Hilbert space
truncated at the double-excitation states of the combined system. The validity of the truncation is confirmed
by the exact numerical analysis. It is found that one way to produce the pure state is to chirally couple the
cavity and the atom to the waveguide. Another way to produce the pure state is to drive the cavity and the
atom with unequal detunings. In both cases, if the driving fields are weak, the produced state is a coherent
superposition of only the single-excitation and ground states of the combined system. In addition, we have
found a direct correspondence between the generation of the dark state and the photon blockade effect. In other
words, the generation of the dark state acts as a blockade to the number of photons so that only a single photon
can be present in the cavity. We investigate the normalized second-order correlation function of the cavity field
and find that the conditions under which the correlation function vanishes coincide with the conditions for the
creation of the pure dark state. This system is, therefore, suggested as an alternative scheme for the generation
of single-photon states.
PACS numbers: 42.50.Ex, 03.67.Bg, 42.50.Ct, 42.79.Gn
I. INTRODUCTION
Chirality in quantum optics refers to a situation in
which two open quantum systems coupled to two counter-
propagating modes of a waveguide interact in such a way that
one system reacts to photons emitted by the other, while there
is no interaction in the reverse direction [1, 2]. Such direc-
tional interaction appears naturally in nanophotonic structures
such as waveguides and optical nanofibers, where light expe-
riences tight transverse confinement. It can also be achieved
by adding the spin-orbit coupling to the one-dimensional (1D)
quasi-BEC or by controlling the spin orientation. This form of
coupling has already been realized experimentally to control
the direction of photon emission [3–7].
The concept of chiral coupling between quantum systems
has led to a new treatment of the radiation-matter interaction.
For example, spontaneous emission from excited atoms and
the radiative interaction between distant atoms may be con-
siderably modified by the chiral coupling of the atoms to a
photonic waveguide playing a role of a reservoir. In particular,
the chiral coupling in a driven-dissipative multi-atom system
can lead to the formation of dimers composed of two neigh-
boring atoms which is manifested by the presence of a subra-
diant (dark) state of the system [8–10]. The dark state is com-
pletely decoupled from the reservoir and the external driving
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field which results in locking of the atomic spins. This repre-
sents a novel phenomenon of dissipative quantum magnetism
and has been suggested as a new possibility to generate atom-
atom entanglement in multiple qubit systems [11]. The for-
mation of dimers by the chiral coupling has also been inves-
tigated in a system composed of a mixture of two-species of
cold quantum gases, where one species appears as the emitter
and the other one plays the role of one-dimensional phononic
reservoir [8]. In addition, this concept has been applied to a
system composed of a collection of two-level atoms and two
Kerr nonlinear cavities coupled to a one-dimensional photonic
waveguide [10]. Apart from the basic interest in modifying
the coupling between systems, the study of chirality is also
motivated by potential applications to quantum information
and the development of quantum computing [12].
Another useful aspect of the chiral coupling is the control of
spontaneous decay of quantum systems to a reservoir. In fact,
the chiral-type coupling of quantum systems to a common
reservoir is an analog of a cascaded quantum system, where
the quantum systems are directionally coupled one to another
without the backward coupling [13–18]. In addition, interest-
ing studies have been devoted to the phenomenon of photon
blockade which yields to the creation of optical single-photon
sources. Some nonlinearity, not necessarily strong, should be
present in a given system leading to a blockade of the trans-
mission of more than one photon through the system. In re-
cent years, the photon blockade effect has been the subject of
numerous theoretical studies and various systems and mech-
anisms have been considered such as cavity quantum electro-
dynamics, quantum dots, and quantum optomechanical sys-
2tems [19, 20]. At the same time, experimental studies have
been making progress in different systems as well, such as the
optical cavities coupled to a trapped atom, circuit cavity QED,
and quantum-dot in a photonic crystal [21].
The notion of blockade of multi-photon excitations is
not restricted to photon blockade for the transport of light
through an optical system [23–32], but it has been extended
to the dipole-dipole blockade of the simultaneous excitation
of atoms [33–45], and to the Coulomb blockade of resonant
transport of electrons through small metallic or semiconductor
devices [46–48]. In analogy to photon blockade, the dipole-
dipole blockade prevents absorption of more than one photon
by a multi-atom system, and the Coulomb blockade prevents
transport of more than one electron through a metallic or semi-
conductor device.
In this paper, we examined the dynamics of a system com-
posed of a two-level atom and a single-mode degenerate
parametric oscillator (DPO) cavity coupled to a waveguide.
Specifically, we concentrate on determining conditions under
which the system decays to a pure dark state. In particular,
we describe how one could use a chiral quantum network to
create the pure dark state in the system. We show that the
stationary dark state, if it exists, belongs to a decoherence-
free subsystem of the Hilbert space that is not affected by
any environment-induced non unitary dynamics [49–54] and
which under certain conditions does not evolve. We find two
alternative ways to generate the pure state in the system. One
way is to chirally couple the cavity and the atom to the waveg-
uide. Another way is to drive the atom and the cavity mode
with laser fields of unequal detunings. We approach the prob-
lem first using only the single-excitation basis and then ex-
tend the calculations to the double-excitation basis. In both
cases we give an analytic description which accounts for the
conditions for the system to collapse into a pure dark state.
We find that in both cases, this particular state is a coherent
superposition of the ground and single-photon excited states
only. We next show that there is a direct relationship between
the generation of the single-photon dark state and the photon
blockade effect. The ability to see the possibility to gener-
ate a single-photon state is enabled by calculating the normal-
ized second-order correlation function which vanished under
the conditions for the generation of the dark state. This ef-
fect is a particularly interesting feature of coupled systems as
it demonstrates that the composite system can effectively be-
have as a two-level system.
The paper is organized as follows. In Sec. II, the mas-
ter equation is introduced. We rewrite the master equation
in terms of collective operators and determine a convenient
basis for the calculations. Certain properties of the collec-
tive operators are discussed. We then distinguish spontaneous
decay channels in the system and point out the existence of
a single-excitation state which does not decay. In Sec. III,
we obtain the conditions for decoherence-free subspace and
dark state in the Hilbert space of the system truncated at the
single- and double-excitation states. In Sec. IV, we explore
the connection between the dark state production and the pho-
ton blockade effect. We calculate numerically, without the
truncation of the Hilbert space, the normalized second-order
correlation function of the cavity field and show that at the
dark state conditions the correlation function vanishes which
is the clear indication that no more than one photon is present
in the cavity field. This also demonstrates the validity of the
truncation of the Hilbert space at the double-excitation states
for a weak driving. Finally, in Sec. V, we summarize our re-
sults. The paper concludes with three appendices in which
certain aspects of the calculations are explained in more de-
tails. In Appendix A, we give details of the derivation of the
master equation for the reduced density operator of the sys-
tem. The representation of the collective operators in the basis
of the product states is given in Appendix B. In Appendix C,
we give the complete set of equations of motion for the den-
sity matrix elements.
II. THE SYSTEM AND ITS EVOLUTION
The system we consider consists of a two-level atom and a
single-mode cavity coupled to a one-dimensional waveguide
composed of a continuum of left and right propagating modes.
The atom has excited state |e〉 and ground state |g〉, and is
damped at rates γR and γL into the guided modes propagating
to the right and left directions, as illustrated in Fig. 1. The
cavity mode is damped into the right and left guided modes at
rates κR and κL, respectively. The atom is driven by an exter-
nal monochromatic field of frequency ωL, whereas the field
driving the cavity is composed of two frequency components,
i.e, ωp pumping the nonlinear medium and ωL driving the cav-
ity mode. It is assumed that the pump and the field driving the
cavity are tuned so that ωp = 2ωL. A single laser beam is used
to provide the driving field for the atom and the cavity mode,
and the pump for the nonlinear medium, after frequency dou-
bling [55]. The pumped nonlinear medium serves as a DPO
generating correlated pairs of photons of frequency ωL. The
cavity is considered as a one-sided cavity, with one lossless
input mirror and one output mirror of finite transmissivity lo-
cated close to the waveguide.
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FIG. 1: (Color on line) Schematic diagram of the system. A two-
level atom and a single-mode cavity containing a nonlinear medium
are dissipatively coupled to a photonic waveguide and are driven by
laser fields of Rabi frequencies Ωc and Ωa. The nonlinear medium
is pumped with the coupling strength E.
We suppose that the decays of the cavity mode and the atom
to the guided modes may exhibit a chirality that the decay to
the right and to the left propagating modes can be asymmetric,
i.e., κR 6= κL and γR 6= γL. The asymmetry of the decay is
3characterized by a parameter χ ∈ [0, 1], defined as
χ =
κL
κR
=
γL
γR
, (1)
where χ = 1 corresponds to the symmetric (nondirectional)
decay, 0 < χ < 1 corresponds to an asymmetric (partly direc-
tional) decay, and χ = 0 corresponds to the complete direc-
tional decay to only the right propagating modes.
To see the effects of the chirality of the guided modes on
the dynamics of the system of atom plus cavity mode, we
consider the master equation of the reduced density opera-
tor ρ describing the cavity mode and the atom. The details
of the derivation of the master equation are given in Ap-
pendix A. The master equation is based on the Born-Markov
approximations together with the one-dimensional approxi-
mation of mode structure of the waveguide field. If we choose
k0xac = 2pim, (m = 0, 1, 2, . . .) [8, 9, 56, 57] where the dis-
tance xac is commensurate with the wavelength of the reser-
voir excitations, the master equation (A20) takes the form
ρ˙ =− i[Hˆ ′sys, ρ] +
1
2
κ(χ+ 1)(2aˆρaˆ† − ρaˆ†aˆ− aˆ†aˆρ)
+
1
2
γ(χ+ 1)(2σˆ−ρσˆ+ − ρσˆ+σˆ− − σˆ+σˆ−ρ)
−√κγ ([ρaˆ†, σˆ−] + [σˆ+, aˆρ])
− χ√κγ ([ρσˆ+, aˆ] + [aˆ†, σˆ−ρ]) , (2)
where σˆ+ and σˆ− are dipole raising and lowering operators
for the atom, aˆ† and aˆ are creation and annihilation operators
for the cavity mode, and κ ≡ κR and γ ≡ γR. In Eq. (2),
Hˆ ′sys is the Hamiltonian of the system,
Hˆ ′sys = ∆caˆ
†aˆ+∆aσˆ+σˆ− +
1
2
i
(
E∗aˆ2 − Eaˆ†2)
+ i (Ωcaˆ+Ωaσˆ− −H.c.) , (3)
where ∆c = ωc − ωL,∆a = ωa − ωL are the detuning of
the cavity mode frequency ωc and of the atomic resonance
frequency ωa from the driving field frequency ωL, E is the
coupling constant associated with the field pumping the non-
linear medium, and the quantities Ωc and Ωa are the Rabi fre-
quencies associated with the external fields driving, respec-
tively, the cavity mode and the atom. The Rabi frequencies
have been chosen to be real and positive, whereas the cou-
pling constant E has been chosen to be a complex number,
E = |E| exp(iφD), to allow for variations of the phase φD
of the DPO field relative to the phase of the driving fields,
φc = φa = 0.
The dissipative part of the master equation (2) consists of
terms describing damping of the cavity mode and the atom at
rates κ(χ + 1)/2 and γ(χ + 1)/2, respectively, and also the
cross coupling between the atom and the cavity mode medi-
ated by the waveguide modes. The cross coupling reflects the
fact that, as the atom decays to the guided modes, it drives the
cavity mode, and vice versa. Note the presence of the cross
coupling terms only in the dissipative (incoherent) part of the
master equation. There is no a cross coupling term present
in the Hamiltonian (coherent) part of the master equation. In
Appendix A, we show that in general a term of this type is
present [the term Ωac in Eq. (A20)], but due to the specific
choice of the distance xac, this term vanishes [8, 9, 56, 57].
A. Convenient collective basis
The presence of the dissipative cross coupling between the
atom and the cavity mode suggests the introduction of super-
position (polariton) operators such that
Jˆ† = uaˆ† + wσˆ+ and Bˆ
† = waˆ† − uσˆ+, (4)
and suggests description of the system in terms of superpo-
sition states, involving product states |g, n〉 ≡ |g〉 ⊗ |n〉 and
|e, n − 1〉 ≡ |e〉 ⊗ |n − 1〉, where |n〉 is the photon number
state of the field, and |g〉 and |e〉 are the atomic ground and
excited states, respectively.
If we assume that the driving fields are weak, i.e., that
Ωc,Ωa, and E are much smaller than the damping rates κ and
γ, we may consider the dynamics of the system in a Hilbert
space truncated at the n = 2 manifold. In other words, we
may assume that no more than two excitations are present in
the system, i.e., we take into account the zero- (n = 0), one-
(n = 1), and two-photon (n = 2) manifolds only. In this
case, the Hilbert space is spanned by five state vectors defined
as follows
|1〉 ≡ |g, 0〉, n = 0,
|2〉 ≡ |g, 1〉, |4〉 ≡ |e, 0〉, n = 1,
|3〉 ≡ |g, 2〉, |5〉 ≡ |e, 1〉, n = 2. (5)
Before going into a detailed analysis of the dynamics be-
tween the superposition states, let us first determine the role
of the Jˆ† and Bˆ† operators. We make use of the representa-
tions of the superposition operators in the basis of the product
states (5), which are given in Appendix B. From Eq. (A2) we
readily find that the operators Jˆ† and Bˆ† project the ground
state |1〉 to single-excitation states
Jˆ†|1〉 = |ψ〉 and Bˆ†|1〉 = |φ〉, (6)
where
|ψ〉 = u|2〉+ w|4〉, |φ〉 = w|2〉 − u|4〉, (7)
are symmetric and antisymmetric superpositions of the single-
excitation states, and u2 + w2 = 1. This shows that the Jˆ†
and Bˆ† operators are the raising operators of the |1〉 ↔ |ψ〉
and |1〉 ↔ |φ〉 transitions, respectively.
Similarly, the action of the superposition operators on the
single-excitation states projects the states to double-excitation
states
Jˆ†|ψ〉 =
√
2u
(
u|3〉+
√
2w|5〉
)
, (8)
Bˆ†|φ〉 =
√
2w
(
w|3〉 −
√
2u|5〉
)
. (9)
It is easily verified that the resulting superpositions of the
double-excitation states appearing on the right-hand side of
4Eqs. (8) and (9) are not orthogonal. However, the superposi-
tions can be expressed in terms of orthogonal states
Jˆ†|ψ〉 =
√
2u
[(
uα+
√
2wβ
)
|ξ〉+
(
uβ−
√
2wα
)
|ζ〉
]
, (10)
Bˆ†|φ〉 =
√
2w
[(
wα−
√
2uβ
)
|ξ〉+
(
wβ+
√
2uα
)
|ζ〉
]
, (11)
where
|ξ〉 = α|3〉+ β|5〉, |ζ〉 = β|3〉 − α|5〉 (12)
are symmetric and antisymmetric superpositions of the
double-excitation states, and α2 + β2 = 1. It follows that the
raising operator Jˆ† projects the system from the state |ψ〉 and
the raising operator Bˆ† projects the state |φ〉 to two double-
excitation states |ξ〉 and |ζ〉. One can notice from Eqs. (10)
and (11) that depending on the choice of the parameters ei-
ther Jˆ† can project |ψ〉 to the state |ξ〉 only or Bˆ† can project
|φ〉 to the state |ζ〉 only. That is, we require uβ = √2wα
for Jˆ† to project |ψ〉 to the state |ξ〉 only. Similarly, a choice
wα =
√
2uβ results in Bˆ† to project |φ〉 to the state |ζ〉 only.
We would like to point out that the superposition states
|ψ〉, |φ〉 and |ξ〉, |ζ〉 are defined in terms of arbitrary param-
eters u,w and α, β, respectively. However, this arbitrariness
will not affect our results, and the parameters can be chosen
by the dictates of convenience for specific calculations. If we
choose
u =
√
κ
κ+ γ
, w =
√
γ
κ+ γ
, (13)
we can rewrite the master equation (2) in terms of the super-
position operators as
ρ˙ = −i
[
Hˆe, ρ
]
+
1
2
Γχ
(
2JˆρJˆ† − ρJˆ†Jˆ − Jˆ†Jˆρ
)
, (14)
where we have used
Hˆe =
[
∆s −
(
u2 − w2)∆] Bˆ†Bˆ
+
[
∆s +
(
u2 − w2)∆] Jˆ†Jˆ + 2uw∆(Bˆ†Jˆ + Jˆ†Bˆ)
+
1
2
i
[
E∗
(
wBˆ + uJˆ
)2
−H.c.
]
+ i
(
ΩψJˆ +ΩφBˆ −H.c.
)
+ iGχ
(
Bˆ†Jˆ − Jˆ†Bˆ
)
, (15)
with
∆s ≡ 1
2
(∆c +∆a), ∆ ≡ 1
2
(∆c −∆a),
Gχ ≡ 1
2
(1 − χ)√κγ, Γχ ≡ (1 + χ)(κ+ γ),
Ωψ ≡ (uΩc + wΩa) , Ωφ ≡ (wΩc − uΩa) . (16)
It is seen from the structure of the master equation that the
chirality has been completely incorporated into the effective
Hamiltonian of the system. Note that the chiral part of the
Hamiltonian is Hermitian. The chirality coupling parameter
Gχ introduces a coupling between the symmetric and anti-
symmetric states of the system. The parameter ∆ introduces
frequency shifts and also plays a role of a coupling between
the the symmetric and antisymmetric states. This coupling
vanishes when the driving field frequency is on resonance with
the atomic and the cavity mode frequencies (∆a = ∆c = 0),
or is equally detuned from the resonances, ∆a = ∆c.
The energies of the symmetric and antisymmetric states are
shifted from ∆s by an amount (u2 − w2)∆. This shows that
their degeneracy is lifted only in the non-symmetric case of
u 6= w and ∆c 6= ∆a. Since u 6= w implies κ 6= γ, and ∆c 6=
∆a implies ωc 6= ωa, the shift is present only for systems of
unequal damping rates and unequal angular frequencies. The
symmetric superposition is coupled to the driving field with
an enhanced Rabi frequency Ωψ, whereas the antisymmetric
superposition is coupled to the driving field with a reduced
Rabi frequency Ωφ.
The dissipative part of the master equation is determined
solely by the Jˆ† and Jˆ operators which are the raising and
lowering operators of the |1〉 ↔ |ψ〉 and |ψ〉 ↔ |ξ〉, |ζ〉 tran-
sitions. This means that the antisymmetric state |φ〉 does not
decay at all, although it is directly coupled to the ground state
by the driving field with the Rabi frequency Ωφ.
B. Spontaneous transition channels
Consider first the contribution of the dissipative part of the
master equation (14) to the equations of motion for the diag-
onal elements of the density operator, i.e., the rate equations
which correspond to the evolution of the populations of the
states. This will give us information about transition rates be-
tween the collective states of the system.
If we consider only the dissipative part of the master equa-
tion, the diagonal density matrix elements, which correspond
to the populations of the superposition states, evolve as
ρ˙φφ =Γξφρξξ + Γζφρζζ +
√
ΓξφΓζφ (ρξζ + ρζξ) , (17)
ρ˙ψψ =− Γχρψψ + Γξφρξξ + Γζψρζζ
+
√
ΓξψΓζψ (ρξζ + ρζξ) , (18)
and
ρ˙ξξ =− (Γξφ + Γξψ) ρξξ
− 1
2
(√
ΓξφΓζφ +
√
ΓξψΓζψ
)
(ρξζ + ρζξ) , (19)
ρ˙ζζ =− (Γζφ + Γζψ) ρζζ
− 1
2
(√
ΓξφΓζφ +
√
ΓξψΓζψ
)
(ρξζ + ρζξ) , (20)
where
Γξφ = Γχ
(√
2wη − β
)2
, Γξψ = 2u
2Γχη
2,
Γζφ = Γχ
(√
2wσ + α
)2
, Γζψ = 2u
2Γχσ
2, (21)
are the damping rates of the transitions between the collective
double- and single-excited states with η = αu +
√
2wβ and
σ = βu−√2wα.
5First of all, we note that the population of the state |φ〉 does
not decay, but can be populated by spontaneous emission from
the double-excitation states |ξ〉 and |ζ〉. The population of the
state |ψ〉 decays to the ground state with a rate κ + γ and is
populated by spontaneous decay from the |ξ〉 and |ζ〉 states.
Both of the double-excitation states decay to the |ψ〉 and |φ〉
states, but then only a part of the population, i.e., that one in
the state |ψ〉, can decay to the ground state. Thus, a part of
the population can be trapped in the state |φ〉. Consequently,
the steady state of the system may not be the ground state, but
rather an incoherent mixture of the single excitation |φ〉 and
the ground |1〉 states, Trρ2 = ρ211 + ρ2φφ < 1.
C. Effect of the chiral term of the Hamiltonian
We now turn to determine the contribution of the chiral term
in Eq. (15) to the evolution of the density matrix elements.
The effect of having the chiral term in the Hamiltonian of the
system is seen from Eq. (15) to be a coupling between the |ψ〉
and |φ〉 states. The coupling may lead to a transfer of popu-
lation between these states. It can be seen more clearly if one
considers the contribution of the chiral term to the equations
of motion for coherences between the excited states. It is eas-
ily verified that the chiral term contributes to the equation of
motion for the coherence ρψφ, which is in the form
ρ˙ψφ = Gχ (ρψψ − ρφφ) . (22)
Clearly, the chiral term gives rise to coherence between the
superposition states. Note that the equation of motion for the
coherence is independent of u and w. Moreover, the form of
the equation is the same as that for a two-level system driven
by a coherent field. It follows then that the chirality appears
as a coherent field driving the |ψ〉 ↔ |φ〉 transition with the
coupling constant Gχ playing a role of the Rabi frequency of
the field, as illustrated in Fig. 2.
χ=1
χ=1
|g,0 >
|φ >|ψ >
|ξ > |ζ >
FIG. 2: Energy level structure and the allowed spontaneous transi-
tions channels of the undriven system (E = Ωc = Ωa = 0). The
presence of the chirality (χ 6= 1) results in a coherent coupling be-
tween the superposition states.
Similarly, we may calculate the evolution of the coherence
between the two-photon superpositions states, and find that
the chiral term makes the contribution
ρ˙ξζ =
√
2Gχ (ρξξ − ρζζ) . (23)
We first observe that the contribution of the chiral term to the
coherence is independent of α and β. As in the case of the
single-excitation states, the contribution of the chiral term is
analogous to that of a coherent field of the Rabi frequency√
2Gχ driving the |ξ〉 ↔ |ζ〉 transition.
We may conclude that in the coupled systems problem that
we are considering the most obvious effect of having chiral-
ity (χ 6= 1) can be seen as a coherent coupling between the
energy states of the same number of excitations. The chiral-
ity provides another route to populate the excited states that it
can transfer the population between the excited states leading,
for example, to an increased population of the |φ〉 state at the
expense of a decreased population of the |ψ〉 state.
The contribution of the remaining terms of Eq. (15) to the
equations of motion for the density matrix elements can be
easily evaluated, and the complete set of the equations of mo-
tion is given in Appendix C.
We finish this section with a brief discussion of the pa-
rameters characterizing the driven DPO cavity, i.e., the atom
and the photonics waveguide, and the ranges of these param-
eters experimentally accessible. Driving lasers used in exper-
iments are usually tunable, providing for arbitrary detunings
∆a. Cavity frequencies can be easily controlled using, for
example, piezoelectric transducers so that the cavity detuning
∆c can be arbitrarily varied. The crucial factor is to achieve
a strong coupling efficiency of the cavity and the atom to the
photonic waveguide. Recent experiments have demonstrated
that single atoms as well as quantum dots can be strongly cou-
pled to the waveguide with near perfect efficiency [58–60].
III. DECOHERENCE-FREE SUBSPACE AND DARK
STATES
Having explained the physical processes involved in the dy-
namics of the system we now turn to determine if the system
could evolve to a stationary state (ρ˙ = 0), which is a dark
state defined by the following conditions [61, 62]:
(a) Lρ ≡ 1
2
Γχ
(
2JˆρJˆ† − ρJˆ†Jˆ − Jˆ†Jˆρ
)
= 0,
(b) Jˆ
(
Hˆeρ
)
= 0,
(c) Hˆeρ = 0. (24)
Since Lρ contains all the terms responsible for decoherence,
the condition (a) ensures that the stationary state belongs to
a subspace which is decoherence-free. The condition (b) en-
sures that the unitary evolution under Hˆe does not take the
state out of the decoherence-free subspace. Finally, the con-
dition (c) ensures the state which belongs to the decoherence-
free subspace does not evolve. In other words, the condition
(c) implies that the stationary state is a dark state which does
6not evolve at all, i.e., the state is completely decoupled from
the remaining states.
Note that the dissipation part of the master equation in-
volves only the Jˆ and Jˆ† operators. Hence, if the steady state
exists as a pure state (ρ = |Ψ〉〈Ψ|), we then can replace the
condition (a), Lρ = 0, by a simplified condition Jˆ |Ψ〉 = 0.
Before going into detailed analysis of the stationary state of
the system, it is important to understand the role the chirality
will play in the creation of decoherence-free and dark states.
We have already noticed that the chirality is completely con-
tained in the Hamiltonian Hˆe. Then, it is clear from Eq. (24)
that the system can decay to a decoherence-free state indepen-
dent of whether or not the chirality is present. Evidently, the
role of the chirality is to ensure that the decoherence-free state
remains inside the decoherence-free subspace and that under
additional conditions, it could become a dark state.
We now proceed to examine the stationary state of our sys-
tem. We are particularly interested in the role of the chirality
in the decay of the system to a dark state. There are two cases
that we shall consider. In the first, we shall limit our analysis
to the Hilbert space truncated at the single-excitation states
corresponding to n ≤ 1. In the second, we extend the analysis
to include the double excitation states. Although the trunca-
tion of the Hilbert space is an approximation, it offers some
advantages over the exact solutions. Because of the simplicity,
we shall obtain detailed and almost exact analytical solutions.
The validity of the truncation is then tested by numerically
solving the master equation in the complete Hilbert space of
the system.
A. Single excitation in the system
Let us first examine if one could obtain a pure decoherence-
free state, different from the ground state, by employing the
weak field assumption and deciding to only consider the zero-
and one-photon states. In the case in which there could be
only one excitation present in the system the Hilbert space of
the system is spanned by three state vectors, {|1〉, |φ〉, |ψ〉}.
To examine the occurrence of a decoherence-free subspace,
we must look at conditions (24). Consider a linear superposi-
tion
|Ψ1〉 = c1|1〉+ cφ|φ〉+ cψ|ψ〉, (25)
where the subscript ”1” refers to single-excitation states only.
The condition Lρ = 0 implies
Jˆ |Ψ1〉 = 0. (26)
Since Jˆ = |1〉〈ψ|, we readily find that cψ = 0. This implies
that the subspace which is free of spontaneous emission is
spanned by two state vectors |1〉 and |φ〉.
We now check the remaining condition for a decoherence
free space where the vector Hˆe|Ψ1〉 remains in the subspace
{|1〉, |φ〉}. We can write this condition as
Jˆ
(
Hˆe|Ψ1〉
)
= 0. (27)
Applying the Hamiltonian on the state |Ψ1〉, we obtain
Hˆe|Ψ1〉 = iΩφcφ|1〉
+
{
[∆s − (u2 − w2)∆]cφ − iΩφc1
} |φ〉
+ [(2uw∆− iGχ) cφ − iΩψc1] |ψ〉, (28)
from which we readily find that the condition (27) is satis-
fied if
cφ =
iΩψ (2uw∆+ iGχ)
(2uw∆)
2
+G2χ
c1. (29)
Hence, the decoherence-free state is of the form
|Ψ1〉 =
√
(2uw∆)2 +G2χ|1〉+ iΩψeiθ|φ〉√
(2uw∆)2 +G2χ +Ω
2
ψ
, (30)
where θ = arctan(Gχ/2uw∆).
This example demonstrates the possibility of generating a
decoherence free subspace of the system by the chiral inter-
action (Gχ 6= 0) as well as by unequal detunings ∆c 6= ∆a
of the driving fields. In both cases, the decoherence free state
produced involves only the the single-excitation state |φ〉 and
the ground state |1〉.
We stress that the state (30) undergoes a dynamical evolu-
tion since, according to Eq. (28), Hˆe|Ψ1〉 6= 0. For Hˆe|Ψ1〉 =
0, it is required that all of the coefficients appearing in Eq. (28)
are zero where, in addition to the condition (29), it is required
that
Ωφ = 0 and
[
∆s −
(
u2 − w2)∆] = 0. (31)
Under the conditions (29) and (31), the state |Ψ1〉 does not
evolve when it is completely decoupled from the dynamics
of the system. In other words, the state |Ψ1〉 becomes a
dark state. Note that the conditions (31) are fulfilled when
Ωc/Ωa = u/w and ∆c/∆a = −(u/w)2.
It is easily verified from the Hamiltonian (15) that the con-
dition Ωφ = 0 is related physically to assume that the transi-
tion |1〉 → |φ〉 is not directly driven by the laser field, and the
other condition is related physically to the assumption that the
driving fields are on resonance with the |1〉 → |φ〉 transition.
One can notice that among the conditions imposed on the
parameters to create the dark state (30), there is no condition
imposed on the Rabi frequency Ωψ. This means that the cre-
ation of the dark state leaves the symmetric state |ψ〉 unpopu-
lated despite the fact that it is continuously driven by the laser
field. This feature is easily seen in Fig. 3, which shows the
population ρψψ as a function of ∆s for several different val-
ues of Ωψ. It is apparent that ρψψ = 0 at ∆s = 0 regardless
of the value of Ωψ.
Finally, we would like to point out an interesting effect of
the chirality on the dark states of the system. One can see from
Eq. (30) that in the non-chiral situation, Gχ = 0, and ∆ = 0,
the dark state |Ψ1〉 reduces to |φ〉. However, if the chirality is
present (Gχ 6= 0), the state |φ〉 is no longer the dark state but
rather a linear superposition of the ground |g〉 and |φ〉 state.
In this situation the system behaves as an effective two-level
system.
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FIG. 3: (Color online) The stationary population of the state |ψ〉
plotted as a function of ∆s/κ for γ = κ (u = w), Gχ = 5κ, and
several different values of ∆ and Ω ≡ Ωc = Ωa: ∆ = 5κ,Ω =
0.04κ (solid red line), ∆ = 0,Ω = 0.04κ (dashed blue line), and
∆ = 0,Ω = 0.02κ (dotted black line).
B. Double excitation in the system
In the previous section, we demonstrated that the chiral in-
teraction (Gχ 6= 0) between a driven two-level atom (Ωa 6=
0) and a driven empty cavity (Ωc 6= 0, E = 0) can produce a
dark state in the system which is a linear combination of the
asymmetric single excitation state |φ〉 and the ground state
|1〉. In this section, we demonstrate that the inclusion of the
double-excitation states may result in the system decaying to
the same dark state, as in the n = 1 case, if one replaces the
driven empty cavity with a DPO, (E 6= 0).
When up to two excitations are present, the Hilbert
space of the system is spanned by five state vectors
{|1〉, |ψ〉, |φ〉, |ξ〉, |ζ〉}. In this case, the calculation of the con-
ditions for the decoherence-free subspace and the production
of a dark state is considerably more complicated than the cal-
culation in the n = 1 case, since we must include more basis
states than the three used to derive Eq. (30). The Jˆ operator is
modified by the presence of the double-excitation states and
has the form
Jˆ = |1〉〈ψ|+
√
2 (u|ψ〉+ w|φ〉) (η〈ξ|+ σ〈ζ|)
+ |φ〉 (α〈ζ| − β〈ξ|) . (32)
Let us introduce a superposition state
|Ψ2〉 = c1|1〉+ cφ|φ〉 + cψ|ψ〉+ cξ|ξ〉+ cζ |ζ〉, (33)
where the subscript ”2” indicates the inclusion of the double-
excitation states. If we apply Jˆ on the state |Ψ2〉, we readily
find that the condition Jˆ |Ψ2〉 = 0 is satisfied when cψ = cξ =
cζ = 0. Like in the single-excitation case, the state which is
free of spontaneous emission is again spanned by the two state
vectors |1〉 and |φ〉.
In order to check the remaining condition for the
decoherence-free space, we evaluate the vector Hˆe|Ψ2〉 and
find
Hˆe|Ψ2〉 = iΩφcφ|1〉
+
{
[∆s − (u2 − w2)∆]cφ − iΩφc1
} |φ〉
+ [(2uw∆− iGχ) cφ − iΩψc1] |ψ〉
+ i
{
−αE√
2
c1 − (wβΩa − σΩc) cφ
}
|ξ〉
+ i
{
−βE√
2
c1 + (wαΩa − ηΩc) cφ
}
|ζ〉. (34)
Under the action of Jˆ the vector Hˆe|Ψ2〉 evolves into the state
Jˆ
(
Hˆe|Ψ2〉
)
= [(2uw∆− iGχ) cφ − iΩψc1] |1〉
− i{uwEc1 + [uΩc − w(u2−w2)Ωa]cφ}|φ〉
− iu (uEc1 + 2w2Ωacφ) |ψ〉. (35)
From Eq. (35) it is apparent by inspection that the result
Jˆ(Hˆe|Ψ2〉) = 0 is impossible unless we set the Rabi fre-
quencies to satisfy the condition uΩc = wΩa. Under this
condition, Eq. (35) assumes the simplified form
Jˆ
(
Hˆe|Ψ2〉
)
= [(2uw∆− iGχ) cφ − 2iuΩcc1] |1〉
− iuw (Ec1 + 2wΩccφ) |φ〉
− iu2 (Ec1 + 2wΩccφ) |ψ〉. (36)
From Eq. (36) it then follows that the state Hˆe|Ψ2〉 remains in
the subspace {|1〉, |φ〉} if
cφ =
2uΩce
i(θ+pi
2
)√
(2uw∆)2 +G2χ
c1, (37)
E =
4uwΩ2ce
i(θ−pi
2
)√
(2uw∆)2 +G2χ
. (38)
Note the fact that the result for Jˆ(Hˆe|Ψ2〉) = 0 holds irrespec-
tive of the choice of α and β, and is valid for u = w as well
as for u 6= w. The requirement that E 6= 0 demonstrates the
importance of the DPO in the production of the decoherence-
free subspace, i.e., it would not be possible to produce the
decoherence-free subspace if the DPO were absent.
To examine if the state |Ψ2〉 could be a dark state, we must
look at the condition Hˆe|Ψ2〉 = 0. It is easy to see from
Eq. (34) that |Ψ2〉 becomes a dark state when, in addition to
the conditions specified in Eqs. (37) and (38),
Ωφ = 0,
∆s − (u2 − w2)∆ = 0, (39)
Note that the condition Ωφ = 0 required for |Ψ2〉 to be a dark
state actually imposes an additional constrain on the Rabi fre-
quencies that wΩc = uΩa. This constraint together with the
already established constraint uΩc = wΩa imposes a limit on
the coefficients u and w that u = w should hold, i.e., damp-
ing rates of the cavity mode and the atom should be equal,
8κ = γ. Hence, under this constraint, the conditions for the
state |Ψ2〉 to be a dark state become particularly simple and
have the form
Ωa = Ωc, κ = γ, ∆s = 0,
cφ =
√
2iΩce
iθ√
∆2 +G2χ
c1, E =
2Ω2ce
i(θ−pi
2
)√
∆2 +G2χ
. (40)
Evidently, the production of the dark state in the system de-
pends strongly on the chirality. It is seen particularly well
when ∆ = 0. In this case, the chirality (Gχ 6= 0) is the only
mechanism which produces the dark state. In the experimen-
tal situation, if there is some nonzero population present in
the states |ψ〉, |ξ〉, or |ζ〉, then fluorescence will be detected; if
not, then the system will be in the dark state.
We emphasize that the amplitude E depends on the phase
θ − pi/2, which for a nonzero ∆ is different from zero.
Thus, a nonzero detuning ∆ introduces a shift of the phase
of the DPO. To see it, we write the coupling strength E =
|E| exp(iφD), where φD is the phase of the DPO field, and
find from Eq. (38) that |E| is real and positive at φD =
θ − pi/2.
To confirm that under the conditions (40) the system de-
cays to a pure state, we find the steady-state values of the
density matrix elements by solving the equations of motion,
Eqs. (B1)−(B3) in the limit of t → ∞. The general solution
of these equations is quite lengthy. Therefore, for clarity, we
present analytical expressions for the steady-state values of
only these density matrix elements which are nonzero under
the conditions (40). The expressions are
ρ11 =
G2χ +∆
2
G2χ +∆
2 + 2Ω2c
, ρφφ =
2Ω2c
G2χ +∆
2 + 2Ω2c
,
ρ1φ =
√
2Ωc
√
G2χ +∆
2
G2χ +∆
2 + 2Ω2c
e−i(θ+
pi
2
). (41)
Clearly, only the populations of the ground |1〉 and the single-
photon |φ〉 states, and coherence between them, are different
from zero. Then it is easily to check that
Trρ2 = ρ211 + ρ
2
φφ + 2|ρ1φ|2 = 1. (42)
Thus, under conditions (40) the stationary state of the system
is the pure dark state.
IV. PHOTON BLOCKADE EFFECT
The conditions (40) for the production of the dark state,
which is a superposition of only the single excitation and the
ground states, are a clear implication of the presence of the
photon blockade effect in the system. The photon blockade
prevents absorption of more than one photon by an optical
system. This shows that there is a connection between the
generation of the dark state |Ψ2〉 and the photon blockade ef-
fect.
However, the photon blockade mechanism in our system is
different from the conventional photon blockade. The conven-
tional photon blockade requires either a Kerr nonlinearity in
the system [22–26], or tuning all the double-excitation states
off-resonant with the driving fields. The off-resonant tuning
is usually achieved through a strong coherent coupling of an
emitter to the field resulting in a dynamic Stark splitting of
the energy states [31, 32]. In our system the photon block-
ade is achieved with the double-excitation states on resonance
with the driving fields and the emitters dissipatively (incoher-
ently) coupled to the field. In this case, the photon blockade
results from a destructive interference between different path-
ways from the ground state |1〉 to the double-excited states |ξ〉
and |ζ〉.
The double-excitation states are prevented from being pop-
ulated due to the distractive quantum interference between
two alternative excitation pathways, namely, via stepwise
transitions |1〉 → |ψ〉 → |ξ〉, |1〉 → |ψ〉 → |ζ〉 with the driv-
ing fields (Ωc,Ωa) and via two-photon transitions |1〉 → |ξ〉,
|1〉 → |ζ〉 with the two-photon field E. With the help of the
Schro¨dinger equation i∂|Ψ2〉/∂t = Hˆe|Ψ2〉, using Eqs. (34)
and (37), we readily find
c˙ξ = − α√
2

E + 4uwΩ2cei(θ+
pi
2
)√
(2uw∆)2 +G2χ

 c1,
c˙ζ = − β√
2

E + 4uwΩ2cei(θ+
pi
2
)√
(2uw∆)2 +G2χ

 c1. (43)
It is apparent that there are two amplitudes contributing to the
equations, i.e., one proportional to E and the other propor-
tional to Ω2c corresponding, respectively, to the two-photon
and stepwise transitions from the ground state |1〉 to the |ξ〉
and |ζ〉 states. The difference between the amplitudes can
be interpreted as a destructive interference. Thus, under the
complete destructive interference, c˙ξ = 0 and c˙ζ = 0. Hence,
cξ(t) and cζ(t) are constants, so if the amplitudes were zero
at t = 0, they remain zero for all times.
In practice, the method to determine the number of photons
in a given system is to measure the one-time second-order cor-
relation function. This function is directly related to photon-
counting measurements, representing the joint probability of
two-photon detection. We calculate the second-order correla-
tion function, g(2)(0) = 〈aˆ†aˆ†aˆaˆ〉/〈aˆ†aˆ〉2, of the cavity field
in the steady state. The presence of only a single photon in the
system is manifested by the photon antibunching effect, which
signifies that at a given time, only a single photon is present
in the system [63–65]. The value g(2)(0) = 0 is the direct in-
dication of the existence of only one photon in the system. As
a check on the validity of the approximate analytical results,
the calculations of g(2)(0) are carried out using a numerical
method, i.e., the quantum optics toolbox for Matlab [66], to
solve the master equation exactly without the truncation of
the Hilbert space of the system at n = 2.
The second-order correlation function has been evaluated
for certain combinations of the parameters determined by the
conditions (40), and the results are shown in Figs. 4−6. Let
9us first examine the variation of the correlation function with
the phase of the DPO. Figure 4 shows g(2)(0) as a function
of φD for several values of the Rabi frequency Ωc and the
values of the remaining parameters determined by the dark
state conditions, given by Eq. (40). For the perfect chiral case
(χ = 0), the complete photon antibunching, g(2)(0) = 0 is
seen at φD = 0 and for a very weak driving field. Thus, there
is a direct relationship between the dark state generation and
the photon blockade effect. Note that in the range of the Rabi
frequency Ωc ≤ 0.05κ, the change in the variation of g(2)(0)
around zero is almost invisible.
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FIG. 4: (Color online) The second-order correlation function g2(0)
of the cavity field plotted as a function of the phase φD of the DPO
for χ = 0, ∆s = ∆ = 0, γ = κ, Ωa = Ωc, |E| = 4Ω2c/κ,
and several different values of Ωc: Ωc = 0.01κ (red solid line),
Ωc = 0.05κ (black dashed line), and Ωc = 0.1κ (blue dash-dotted
line). The solid green line shows g(2)(0) for a non-chiral situation of
χ = 1 with ∆ = κ and Ωc = 0.01κ.
Figure 4 also shows results for the non-chiral case χ = 1.
It is seen that the complete photon antibunching is shifted to
the phase φD = −pi/2. We point out that the positions of
the complete photon antibunching predicted by the numerical
results are properly accounted for by Eq. (40). When ∆ =
0, the phase angle θ = pi/2 and then the pure dark state is
created for the phase φD = 0. On the other hand, when χ =
1 (Gχ = 0), the phase angle θ = 0, showing that the pure dark
state is then created for the phase of the DPO shifted to φD =
−pi/2. Thus it is evident that under a weak field excitation,
the conditions for the production of the dark state obtained
by solving the master equation in the truncated basis of n ≤
2 states agree perfectly with the numerical exact solution of
the master equation. By moving away from the weak field
approximation, differences between the two solutions become
visible. Hence the approximation of neglecting the n > 2
states is reasonable for a weak driving.
Figure 5 shows the variation of g(2)(0) with the detuning
∆s. The correlation function exhibits a dip centered about
∆s = 0 and it is seen that for small Rabi frequencies of the
driving field, g(2)(0), and therefore the joint probability of
two-photon detection, vanishes. For the Rabi frequency in a
range Ωc ≤ 0.05κ, the curves are practically indistinguish-
able. Again, the perfect agreement between the exact numer-
ical results and the prediction of the analytical results is evi-
dent.
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FIG. 5: (Color online) The second-order correlation function g2(0)
of the cavity field plotted as a function of ∆s for χ = 0, ∆ = 0,
γ = κ, Ωa = Ωc, |E| = 4Ω
2
c/κ and different Ωc: Ωc = 0.01κ (red
solid line), Ωc = 0.05κ (black dashed line), and Ωc = 0.1κ (blue
dash-dotted line).
The dark state condition (40) requires equal damping rates,
κ = γ. Numerical results for this example are shown in Fig. 6.
It is seen that the correlation function dips very strongly at
γ = κ. The dip is smoothed by an increased value ofΩc. Once
again, we point out that g(2)(0) vanishes when the parameters
satisfy the conditions for the production of the dark state.
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FIG. 6: (Color online) Variation of the second-order correlation func-
tion g2(0) with the damping rate γ for χ = 0, ∆s = ∆ = 0,
Ωa = Ωc, |E| = 4Ω
2
c/κ and various values of the Rabi frequency
Ωc: Ωc = 0.01κ (red solid line), Ωc = 0.03κ (black dashed line),
and Ωc = 0.05κ (blue dash-dotted line).
It is notable that in Figs. 4–6 the complete photon anti-
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bunching occurs at the values of the parameters corresponding
to the creation of the dark state in the system. Therefore, the
validity of the truncation of the Hilbert space at n = 2 seems
to be confirmed.
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FIG. 7: (Color online) The steady-state population of the state |2〉 ≡
|g, 1〉 plotted as a function of ∆s for γ = κ for χ = 0, ∆ = 0,
Ωa = Ωc, |E| = 4Ω
2
c/κ and various values of the Rabi frequency
Ωc: Ωc = 0.03κ (red dashed line) and Ωc = 0.09κ (black solid
line).
It is also worthwhile to calculate the population of the
single-photon state |2〉 ≡ |g, 1〉, representing the probability
that the atom is in its ground state and there is a single pho-
ton present in the cavity. Note that the state |2〉 contributes
to the superposition state |φ〉 involved in the dark state |Ψ2〉.
Figure 7 shows numerical results for the population ρ22 ver-
sus ∆s, and the parameter values corresponding to the dark
state are again used. The curves shown in the figure assume
the optimal values of the Rabi frequency, Ωc = 0.03κ and
Ωc = 0.09κ, at which the complete photon antibunching is
still present (g(2)(0) = 0) when the Hilbert space is truncated
at n = 1 and n = 2, respectively. We see that there is only a
few percent probability of finding a photon in the cavity. How-
ever, we observe that in the weak driving limit corresponding
to the n = 2 truncation, the probability ρ22 = 0.03 is about
three times larger than that achieved in the conventional pho-
ton blockade schemes, where the probabilities ρ22 < 0.01
were reported [67, 68].
V. SUMMARY
We have considered the dynamics of an open quantum sys-
tem composed of a DPO cavity and a two-level atom coupled
to a waveguide and driven by weak laser fields. The calcu-
lations have been carried out analytically in a Hilbert space
truncated at the double-excitation states of the combined sys-
tem. We have examined the conditions for the decoherence-
free subspace and especially for the generation of a dark state
and have found that there are two alternative ways the sys-
tem could decay to a pure dark state. One way to produce
the pure state is to chirally couple the cavity and the atom to
the waveguide. An alternative way is to drive the cavity and
the atom with unequal detunings. The produced state is a co-
herent superposition of only the single-excitation and ground
states of the combined system. In the case where the pure
state is prepared by driving the systems with unequal detun-
ings, the phase of the field pumping the DPO material must
be shifted relative to the phase of the fields driving the cavity
mode and the atom. However, in the case where the pure state
is prepared by the chiral coupling of the systems to the waveg-
uide, the phases of the pumping and driving fields should be
equal. In addition, we have found that the conditions for the
production of the dark state coincide with the conditions for
the photon blockade effect. Finally, the analytic results for
the conditions to produce the dark state were compared with
the results obtained by the direct numerical integration of the
master equation. The perfect agreement between the results
have been found in the limit of weak excitations.
This system provides a possible method for preparing a
composite system in a pure dark state, which is a coherent
superposition of the ground and excited single-photon state,
by suitably choosing the detunings and Rabi frequencies of
the driving fields.
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Appendix A: Derivation of the master equation (2)
In this appendix we give details of the derivation of the
master equation for the reduced density operator of a system
(atom plus cavity mode) interacting with the quantized one-
dimensional multimode field of the waveguide playing a role
of a reservoir. We use the traditional technique based on the
Born-Markov approximation [69, 70].
In the electric-dipole approximation, the Hamiltonian of the
system interacting with the reservoir can be written in the fol-
lowing form (~ ≡ 1):
Hˆ = Hˆsys + Hˆres + Hˆint, (A1)
where
Hˆsys = ωcaˆ
†aˆ+ ωaσˆ+σˆ− +
1
2
i
(
E∗aˆ2e−iωpt −H.c.)
+ i
(
Ωcaˆe
−iωLt +Ωaσˆ−e
−iωLt −H.c.) (A2)
is the Hamiltonian of the cavity mode and the atom driven by
a laser field of frequencyωL, and a nonlinear medium pumped
with a field of frequency ωp,
Hˆres =
∑
λ=L,R
∫
dωkλ ωkλ cˆ
†
kλ
cˆkλ (A3)
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is the Hamiltonian of the reservoir, and
Hˆint =− i
∑
λ=L,R
∫
dωkλ
{[
gc(ωkλ)aˆxe
ikλxc
+ ga(ωkλ)σˆxe
ikλxa
]
cˆkλ −H.c.
} (A4)
is the interaction of the cavity mode and the atom with the
reservoir field. Here, σˆ+ and σˆ− are dipole raising and lower-
ing operators for the atom, aˆ† and aˆ are creation and annihi-
lation operators for the cavity mode, and cˆkλ are the bosonic
annihilation operators of the reservoir mode kλ of frequency
ωkλ propagating to the right (λ = R) and to the left (λ = L)
directions. The coefficients gc(ωkλ) and ga(ωkλ) describe the
coupling of the cavity mode and the atom, respectively, with
the waveguide field; aˆx = aˆ + aˆ†, σˆx = σˆ− + σˆ+, and
kλ = ωkλ/υλ, in which υλ is the group velocity of the modes.
The reservoir operators satisfy the following Heisenberg
equation of motion
˙ˆckλ =− iωkλ cˆkλ + gc(ωkλ)aˆxe−ikλxc
+ ga(ωkλ)σˆxe
−ikλxa , (A5)
which may be integrated formally and the solution is
cˆkλ(t) = cˆkλ(0)e
−iωkλ t
+ gc(ωkλ)e
−ikλxc
∫ t
0
ds aˆx(s)e
−iωkλ (t−s)
+ ga(ωkλ)e
−ikλxa
∫ t
0
ds σˆx(s)e
−iωkλ (t−s). (A6)
The time integrals appearing in Eq. (A6) can be evaluated
with the following two approximations, the Born approxima-
tion assuming weak coupling of the systems to the reservoir
field, and the Markov approximation assuming that the time
t ≫ τr , where τr is the correlation time of the reservoir. In
this case, we may write the operators aˆx(s) and σˆx(s) in terms
of slowly and quickly varying parts,
aˆx(s) = aˆ(t)e
iωL(t−s) + aˆ†(t)e−iωL(t−s),
σˆx(s) = σˆ−(t)e
iωL(t−s) + σˆ+(t)e
−iωL(t−s). (A7)
The slowly varying parts of the operators are evaluated at time
t, since over the short correlation time of the reservoir, the
slowly varying parts of aˆ(s) and σˆ−(s) would hardly change
from aˆ(t) and σˆ−(t). Thus, the time integrals appearing in
Eq. (A6) can be evaluated to give
∫ t
0
ds ei(ωkλ±ωL)(t−s) = piδ(ωkλ±ωL) + i
P
ωkλ±ωL
≡ J±,
(A8)
in which P stands for the principal value. Hence, we can ap-
proximate Eq. (A6) by
cˆkλ(t) = cˆ0(t) + gc(ωkλ)e
−iωkλτc
[
aˆ(t)J∗− + aˆ
†(t)J∗+
]
+ ga(ωkλ)e
−iωkλτa
[
σˆ−(t)J
∗
− + σˆ+(t)J
∗
+
]
, (A9)
where cˆ0(t) = cˆkλ(0) exp(−i∆kλt).
Suppose that Oˆ(t) is an arbitrary combination of atomic or
cavity mode operators. We make the unitary transformation
O˜(t) = eiHˆ0tOˆ(t)e−iHˆ0t, (A10)
where
Hˆ0 = ωLaˆ
†aˆ+ ωLσˆ+σˆ−, (A11)
and find the Heisenberg equation of motion for O˜(t):
˙˜O(t) =− i
[
O˜(t), H˜sys
]
+
∑
λ=L,R
∫
dωkλgc(ωkλ)
{
cˆ†kλ(t)
[
O˜(t), aˆx(t)
]
e−ikλxc
+
[
O˜(t), aˆx(t)
]
cˆkλ(t)e
ikλxc
}
+
∑
λ=L,R
∫
dωkλga(ωkλ)
{
cˆ†kλ(t)
[
O˜(t), σˆx(t)
]
e−ikλxa
+
[
O˜(t), σˆx(t)
]
cˆkλ(t)e
ikλxa
}
, (A12)
where
H˜sys = ∆caˆ
†aˆ+∆aσˆ+σˆ− +
1
2
i
(
E∗aˆ2 −H.c.)
+ i (Ωcaˆ+Ωaσˆ− −H.c.) . (A13)
Substituting Eq. (A9) into Eq. (A12) and making the
rotating-wave approximation in which we ignore all terms os-
cillating with frequency 2ωL, we obtain
˙ˆO =− i
[
Oˆ, Hˆ ′sys
]
− iΩac
[
Oˆ, σˆ+aˆ+ aˆ†σˆ−
]
+ Eˆ†0(xc, t)
[
Oˆ, aˆ
]
+ Eˆ†0(xa, t)
[
Oˆ, σˆ−
]
+ Eˆ0(xc, t)
[
Oˆ, aˆ†
]
+ Eˆ0(xa, t)
[
Oˆ, σˆ+
]
+
1
2
∑
λ=L,R
κλ
{
aˆ†
[
Oˆ, aˆ
]
−
[
Oˆ, aˆ†
]
aˆ
}
+
1
2
∑
λ=L,R
γλ
{
σˆ+
[
Oˆ, σˆ−
]
−
[
Oˆ, σˆ+
]
σˆ−
}
+
1
2
γ+ac
{
σˆ+
[
Oˆ, aˆ
]
−
[
Oˆ, σˆ+
]
aˆ
}
+
1
2
γ−ac
{
aˆ†
[
Oˆ, σˆ−
]
−
[
Oˆ, aˆ†
]
σˆ−
}
, (A14)
where
Hˆ ′sys =
(
∆c −∆−c
)
aˆ†aˆ−∆+c aˆaˆ†
+
(
∆a −∆−a
)
σˆ+σˆ− −∆+a σˆ−σˆ+
+
1
2
i
(
E∗aˆ2 −H.c.)+ i (Ωcaˆ+Ωaσˆ− − H.c.) ,
Eˆ0(xc, t) =
∑
λ=L,R
∫
dωkλgc(ωkλ)cˆ0(t)e
ikλxc ,
Eˆ0(xa, t) =
∑
λ=L,R
∫
dωkλga(ωkλ)cˆ0(t)e
ikλxa , (A15)
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and
κλ = 2pi
∫
dωkλg
2
c (ωkλ)δ(ωkλ − ωL),
γλ = 2pi
∫
dωkλg
2
a(ωkλ)δ(ωkλ − ωL),
γ±ac = 2pi
∑
λ=L,R
∫
dωkλga(ωkλ)gc(ωkλ)
× e±ikλxacδ(ωkλ − ωL),
Ωac = −
∑
λ=L,R
P
∫
dωkλga(ωkλ)gc(ωkλ)
×
(
eikλxac
ωkλ − ωL
+
e−ikλxac
ωkλ + ωL
)
,
∆±
a(c) =
∑
λ=L,R
P
∫
dωkλ
g2a(c)(ωkλ)
ωkλ ± ωL
, (A16)
with xac = xa − xc and ωp = 2ωL. The parameters κ and
γ, which appear in Eq. (A14), are the damping rates of the
cavity mode and the atom, respectively. The parameters γ±ac
are decay constants which arise from the dissipative coupling
of the cavity mode with the atom induced by the waveguide
field. Moreover, Eq. (A14) also contains a distance depen-
dent constant Ωac which arises from a coherent exchange of
an excitation between the cavity mode and the atom induced
by the waveguide field. The terms ∆±
a(c) represent the Lamb
shifts of the energy levels of the systems. There terms might
be omitted as the Lamb shift is small or could be included
in the detunings ∆c and ∆a by redefining the frequencies,
ωc → ωc − (∆−c +∆+c ) and ωa → ωa − (∆−a −∆+a ).
Using the relations
ga(ωkλ) = ga
√
ωkλ , gc(ωkλ) = gc
√
ωkλ , (A17)
where ga and gc are constants, we can evaluate the parameters
and find
κλ = 2pig
2
c(ωLλ), γλ = 2pig
2
a(ωLλ),
γ+ac = γ
−
ac = 4piga(ωL)gc(ωL) cos(k0xac),
Ωac = 2piga(ωL)gc(ωL) sin(k0xac), (A18)
in which k0 ≡ kR, and ωLλ describes the waveguide mode of
frequency ωL propagating in the λ direction. In the derivation
of the expressions for Ωac and γ±ac, we have taken kL = −kR,
which results from the fact that υR > 0 and υL < 0.
If we take the expectation value of both sides of Eq. (A14)
over the initial state of the entire system, assuming that ini-
tially the reservoir field was in the vacuum state |0〉, and note
that
〈 ˙ˆO〉 = Tr{ ˙ˆOρ} = Tr{Oˆρ˙}, (A19)
where ρ is the density operator describing the properties of the
”reduced” system, the cavity mode plus the atom, we readily
find that Eq. (A14) transfers to
ρ˙ =− i
[
Hˆ ′sys, ρ
]
+ iΩac
[
ρ, σˆ+aˆ+ aˆ
†σˆ−
]
+
1
2
∑
λ=L,R
κλ
([
aˆ, ρaˆ†
]− [aˆ†, aˆρ])
+
1
2
∑
λ=L,R
γλ ([σˆ−, ρσˆ+]− [σˆ+, σˆ−ρ])
+
√
κLγL cos(k0xac)
(
[aˆ, ρσˆ+]−
[
aˆ†, σˆ−ρ
])
+
√
κRγR cos(k0xac)
([
σˆ−, ρaˆ
†
] − [σˆ+, aˆρ]) , (A20)
which is in the form of the master equation for the density
operator of the system. In Eq. (A20), the dissipative cross-
coupling terms have been divided into two parts correspond-
ing to the excitation propagating to the right and to the left in
accordance with the properties of a cascaded quantum sys-
tem [13–18] where only the excitation of the cavity mode
propagating to the right can couple to the atom and vice versa,
i.e., only the excitation of the atom propagating to the left can
couple to the cavity mode.
Appendix B: Representations of the collective operators
In this appendix, we give the explicit forms of the superpo-
sition operators in terms of the projection operators between
the product states (5).
Applying the completeness relations
∞∑
n=0
|n〉〈n| = 1 and |g〉〈g|+ |e〉〈e| = 1, (B1)
to the operators Jˆ† = uaˆ† + wσˆ+ and Bˆ† = waˆ† − uσˆ+, we
get
Jˆ† = u
(
|2〉〈1|+ |5〉〈4|+
√
2|3〉〈2|
)
+ w(|4〉〈1|+ |5〉〈2|) ,
Bˆ† = w
(
|2〉〈1|+ |5〉〈4|+
√
2|3〉〈2|
)
− u (|4〉〈1|+ |5〉〈2|) ,
(B2)
Then, using the results of Eq. (B2), we get
Jˆ†Jˆ = u2aˆ†aˆ+ w2σˆ+σˆ− + uw
(
aˆ†σˆ− + σˆ+aˆ
)
,
Bˆ†Bˆ = w2aˆ†aˆ+ u2σˆ+σˆ− − uw
(
aˆ†σˆ− + σˆ+aˆ
)
,
Jˆ†Bˆ = w2σˆ+aˆ− u2aˆ†σˆ− + uw
(
aˆ†aˆ− σˆ+σˆ−
)
,
Bˆ†Jˆ = w2aˆ†σˆ−−u2σˆ+aˆ+ uw
(
aˆ†aˆ− σˆ+σˆ−
)
, (B3)
with
aˆ†aˆ = |2〉〈2|+ |5〉〈5|+ 2|3〉〈3|,
σˆ+σˆ− = |4〉〈4|+ |5〉〈5|,
σˆ+aˆ = |4〉〈2|+
√
2|5〉〈3|,
aˆ†σˆ− = |2〉〈4|+
√
2|3〉〈5|. (B4)
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Appendix C: Equations of motion for the density matrix
elements
In this appendix, we present explicitly the complete
set of the equations of motion for the density matrix el-
ements in the basis spanned by the superposition states
{|1〉, |ψ〉, |φ〉, |ξ〉, |ζ〉}. The equations have been derived from
the master equation (14) using the explicit forms of the su-
perposition operators listed in Appendix A. We have intro-
duced density matrix elements with respect to the superposi-
tion states, denoting 〈ψ|ρ|φ〉 by ρψφ, etc., and have written
separately the equations of motion for the populations and co-
herences. Thus the equations for the populations of the states
are
ρ˙φφ =−Gχ (ρψφ + ρφψ)− 2iuw∆(ρψφ − ρφψ)
+ Γξφρξξ + Γζφρζζ +
√
ΓξφΓζφ(ρξζ + ρζξ)
+ Ωφξ(ρξφ+ρφξ) + Ωφζ(ρζφ+ρφζ)
− Ωφ(ρ1φ + ρφ1),
ρ˙ψψ =− Γχρψψ +Gχ (ρψφ + ρφψ)+2iuw∆(ρψφ − ρφψ)
+ Γξψρξξ + Γζφρζζ +
√
ΓξψΓζψ(ρξζ + ρζξ)
+ Ωψζ(ρψζ + ρζψ) + Ωψξ(ρψξ+ρξψ)
− Ωψ(ρ1ψ + ρψ1),
ρ˙ξξ =− (Γξφ + Γξψ) ρξξ + 2iαβ∆(ρξζ − ρζξ)
− 1
2
(√
ΓξφΓζφ+
√
ΓξψΓζψ−2
√
2Gχ
)
(ρξζ + ρζξ)
− Ωψξ(ρξψ + ρψξ)− Ωφξ(ρξφ + ρφξ)
− α(E˜ρ1ξ + E˜∗ρξ1),
ρ˙ζζ =− (Γζφ + Γζψ) ρζζ − 2iαβ∆(ρξζ − ρζξ)
− 1
2
(√
ΓξφΓζφ+
√
ΓξψΓζψ+2
√
2Gχ
)
(ρξζ + ρζξ)
− Ωψζ(ρζψ + ρψζ)− Ωφζ(ρζφ + ρφζ)
− β(E˜ρ1ζ + E˜∗ρζ1). (C1)
The equations of motion for the coherences between the
ground and excited states are
ρ˙1ψ =−
{
1
2
Γχ − i
[
∆s + (u
2−w2)∆]
}
ρ1ψ
+
√
ΓχΓζψρψζ +
√
ΓχΓξψρψξ
+ (Gχ + 2iuw∆)ρ1φ + E˜∗(βρζψ + αρξψ)
+ Ωψ(ρψψ − ρ11) + Ωφρφψ +Ωψζρ1ζ +Ωψξρ1ξ,
ρ˙1φ = i
[
∆s−(u2−w2)∆
]
ρ1φ+
√
ΓχΓζφρψζ+
√
ΓχΓξφρψξ
− (Gχ − 2iuw∆)ρ1ψ + E˜∗(βρζφ + αρξφ)
+ Ωφ(ρφφ − ρ11) + Ωψρψφ +Ωφξρ1ξ +Ωφζρ1ζ ,
ρ˙1ξ =−
[
1
2
(Γξψ + Γξφ)− 2i
(
∆s + α
2∆
)]
ρ1ξ
−
[
1
2
(√
ΓξφΓζφ+
√
ΓξψΓζψ−2
√
2Gχ
)
−2iαβ∆
]
ρ1ζ
+ E˜∗ [βρζξ + α (ρξξ − ρ11)] + Ωψρψξ +Ωφρφξ
− Ωφξρ1φ − Ωψξρ1ψ,
ρ˙1ζ =−
[
1
2
(Γζψ + Γζφ)− 2i
(
∆s + β
2∆
)]
ρ1ζ
−
[
1
2
(√
ΓξφΓζφ+
√
ΓξψΓζψ+2
√
2Gχ
)
−2iαβ∆
]
ρ1ξ
+ E˜∗(αρξζ + βρζζ − βρ11) + Ωψρψζ +Ωφρφζ
− Ωψζρ1ψ − Ωφζρ1φ, (C2)
and the equations of motion for the coherences between the
excited states are
ρ˙ψφ =−
[
1
2
Γχ + 2i(u
2 − w2)∆
]
ρψφ +
√
ΓξψΓξφρξξ
+
√
ΓζψΓζφρζζ +
√
ΓζψΓξφρζξ +
√
ΓξψΓζφρξζ
+ (Gχ − 2iuw∆)(ρφφ − ρψψ)− Ωψρ1φ − Ωφρψ1
+Ωφξρψξ +Ωψξρξφ +Ωψζρζφ +Ωφζρψζ ,
ρ˙ψξ =− 1
2
{
Γχ+Γξψ+Γξφ−2i
[
∆s+(2α
2−u2+w2)∆]}ρψξ
−
[
1
2
(√
ΓξφΓζφ+
√
ΓξψΓζψ−2
√
2Gχ
)
−2iαβ∆
]
ρψζ
− αE˜∗ρψ1 + (Gχ − 2iuw∆)ρφξ
− Ωψρ1ξ +Ωψξ(ρξξ − ρψψ) + Ωψζρζξ − Ωφξρψφ,
ρ˙ψζ =− 1
2
{
Γζψ+Γζφ − 2i
[
∆s+(2β
2−u2+w2)∆]} ρψζ
−
[
1
2
(√
ΓξφΓζφ+
√
ΓξψΓζψ+2
√
2Gχ
)
−2iαβ∆
]
ρψξ
− βE˜∗ρψ1 + (Gχ − 2iuw∆)ρφζ
− Ωψρ1ζ − Ωψζ(ρψψ − ρζζ)− Ωφζρψφ +Ωψξρξζ ,
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ρ˙φξ =− 1
2
{
Γξψ+Γξφ − 2i
[
∆s+(2α
2+u2−w2)∆]} ρφξ
−
[
1
2
(√
ΓξφΓζφ+
√
ΓξψΓζψ−2
√
2Gχ
)
−2iαβ∆
]
ρφζ
− αE˜∗ρφ1 − (Gχ + 2iuw∆)ρψξ
− Ωφρ1ξ +Ωφξ(ρξξ − ρφφ) + Ωφζρζξ − Ωψξρφψ,
ρ˙φζ =− 1
2
{
Γζψ+Γζφ − 2i
[
∆s+(2β
2+u2−w2)∆]} ρφζ
−
[
1
2
(√
ΓξφΓζφ+
√
ΓξψΓζψ+2
√
2Gχ
)
−2iαβ∆
]
ρφξ
− βE˜∗ρφ1 − (Gχ + 2iuw∆)ρψζ
− Ωφρ1ζ − Ωφζ(ρφφ − ρζζ) + Ωφξρξζ − Ωψζρφψ,
ρ˙ξζ =−
[
1
2
Γχ(1 + 2u
2) + 2i(α2 − β2)∆
]
ρξζ
+
1
2
(√
ΓξφΓζφ +
√
ΓξψΓζψ
)
(ρζζ + ρξξ)
+
(√
2Gχ − 2iαβ∆
)
(ρζζ − ρξξ)
− Ωφξρφζ − Ωψξρψζ − Ωψζρξψ − Ωφζρξφ
− (αE˜ρ1ζ + βE˜∗ρξ1), (C3)
where E˜ = E/
√
2 and
Ωψξ =
(√
2uα+ wβ
)
Ωc + uβΩa,
Ωψζ =
(√
2uβ − wα
)
Ωc − uαΩa,
Ωφξ =
(√
2wα − uβ
)
Ωc + wβΩa,
Ωφζ =
(√
2wβ + uα
)
Ωc − wαΩa, (C4)
are the effective Rabi frequencies of the driving fields between
the single and double excitation states.
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